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Motivated by the search for new observables in nonperturbative quantum gravity, we consider causal
dynamical triangulations in 2þ 1 dimensions with the spatial topology of a torus. This system is of
particular interest, because one can study not only the global scale factor, but also global shape variables in
the presence of arbitrary quantum fluctuations of the geometry. Our initial investigation focuses on the
dynamics of the scale factor and uncovers a qualitatively new behavior, which leads us to investigate a
novel type of boundary conditions for the path integral. Comparing large-scale features of the emergent
quantum geometry in numerical simulations with a classical minisuperspace formulation, we find partial
agreement. By measuring the correlation matrix of volume fluctuations we succeed in reconstructing the
effective action for the scale factor directly from the simulation data. Apart from setting the stage for the
analysis of shape dynamics on the torus, the new setup highlights the role of nontrivial boundaries and
topology.
DOI: 10.1103/PhysRevD.88.024015 PACS numbers: 04.60.Gw, 04.60.Nc, 04.60.Kz
I. NONPERTURBATIVE QUANTUM GRAVITY
AND OBSERVABLES
A central quest in any approach to nonperturbative
quantum gravity is for the identification and evaluation
of observables: finite, invariantly defined quantities char-
acterizing ‘‘quantum spacetime,’’ the Planck-scale ana-
logue of the curved spacetime described by the classical
theory of general relativity. One reason why such observ-
ables are hard to come by is the a priori absence of a
yardstick, in the form of a preferred classical ‘‘background
geometry,’’ with respect to which distances and volumes
could be measured. In a full, nonperturbative quantum
formulation, such a yardstick has to be extracted from
the dynamics of the quantum gravity theory, and therefore
requires nontrivial knowledge of the latter. So far, only a
few instances of such observables have been identified in
specific candidate theories of quantum gravity. They typi-
cally depend on intrinsic properties of quantum geometry
in a relational and nonlocal way. Good examples of this are
various notions of ‘‘dimensionality,’’ obtained by relating
(suitable quantum analogues of) volumes to linear dis-
tances, say, in the form of a power law, which have been
used for a long time in quantum-gravitational theories
obtained from dynamical triangulations [1].
The main motivation behind the work presented here is
to try to push the quest for observables beyond what has
been considered so far. We will do this in a specific
context, that of quantum gravity constructed from causal
dynamical triangulations (CDTs). The CDT approach has
made significant progress towards a nonperturbative
realization of the path integral over higher-dimensional
geometries in recent years, see [2] for a comprehensive
review. There is strong evidence that at large distance
scales it describes a quantum universe fluctuating around
an emergent classical background geometry. Its large-
distance scaling properties, captured by the dynamically
extracted Hausdorff [3,4] and spectral [5] dimensions, are
compatible with those of a four-dimensional spacetime.
Because of the nonperturbative character of the quantum
dynamics, there is no a priori guarantee that any emergent
quantum spacetime will have dimension four macroscopi-
cally. Checking that this happens is therefore an important
part of verifying that a quantum gravity theory possesses a
good classical limit.
In addition, by examining the expectation value of the
spatial volume as a function of proper time, the spacetime
emergent from CDT quantum gravity has been matched
with excellent accuracy to a de Sitter universe, including
quantum fluctuations of the volume around it [6]. This
‘‘volume profile’’ is another example of the type of geo-
metric observable we are after. It is a quantity that can be
accessed relatively easily by numerical measurements, and
at the same time has a transparent semiclassical geometric
interpretation. From the point of view of general relativity,
it is simply the ‘‘scale factor’’ or ‘‘Friedmann mode’’ of the
classical metric field gðxÞ. In cosmological approxima-
tions to the Einstein equations, where space is described as
homogeneous and isotropic, the geometry of spacetime is
by assumption reduced to the dynamics of this global scale
factor. In the context of full quantum gravity, the quantum
dynamics of this mode and its possible implications for
cosmology are clearly important to investigate, but they
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describe only one, global aspect of quantum spacetime.
Can we go beyond the Friedmann mode in understanding
the structure of quantum geometry, and how?
A natural next step is to consider modes of the geometry
which are still global, but describe shape rather than scale.
We will begin our exploration of this issue in spacetime
dimension three. There are a number of good reasons for
doing so. Firstly, as far as large-scale geometric properties
are concerned, CDT quantum gravity in 2þ 1 dimensions
appears to resemble CDT quantum gravity in 3þ 1 dimen-
sions; in fact, the analysis of matching the volume profile
of the emergent quantum geometry with that of a de Sitter
universe was first made in the former [7]. Secondly, we
have a neat and explicit way of isolating the conformal
(shape) degrees of freedom of the two-dimensional trian-
gulated surfaces representing space in 2þ 1 dimensions,
at least when the spatial slices have torus topology [8,9].
By contrast, it does not appear straightforward to isolate
observables which are sensitive to global shape in the
full, four-dimensional quantum theory. Thirdly, the
computational effort needed in the three-dimensional
setting is significantly reduced compared to that in four
dimensions.
Caution is obviously advised when generalizing any
results from three to four dimensions, since the local dy-
namics and degrees of freedom of the two quantum gravity
theories are expected to be very different. In part, this is
already reflected in their different phase structure (as sta-
tistical mechanical systems), which in four dimensions is
much richer and has recently been shown to contain a
second-order phase transition [10], something not seen in
three dimensions [7]. On the other hand, in evaluating the
path integral of three-dimensional quantum gravity we will
not make use of the possibility to reduce the dynamical
(field) degrees of freedom to a finite number of physical
variables before the quantization, an essential step taken in
most other treatments of quantum gravity in three dimen-
sions [11]. In this sense, our kinematical formulation of the
quantum theory resembles maximally that of four dimen-
sions, including potential nonperturbative ‘‘entropic’’
effects coming from the path integral measure, which
have been shown to contribute to the effective quantum
dynamics in four dimensions [12].
As we shall see below, our main aim—to analyze the
behavior of shape observables in nonperturbative quantum
gravity—raises some interesting and qualitatively new is-
sues on the way, which have to dowith the role of boundary
conditions and global topology. These are brought to the
fore by a comparison of the dynamics of torus universes
with previous results in the CDT formulation, which have
almost all been derived for spherical spatial topology.
This paper will analyze the quantum dynamics of vol-
ume in the new toroidal setup, discussing in particular the
issue of nontrivial boundary conditions. The complemen-
tary description of the quantum dynamics of shape for the
torus universes and their interaction with the volume
observable will be given in a companion paper [9].
In the next section, we recall the most important
elements of causal dynamical triangulations in three
spacetime dimensions, and briefly review existing work
on the subject. Section III specializes to the case of toroidal
spatial topology and introduces the issue of boundary
conditions and their relation to the volume profile. In
Sec. IV we set the stage for a comparison with classical
gravity, in the form of a minisuperspace approximation
depending only on the global scale factor and two
global shape variables (or ‘‘moduli’’). Section V discusses
the measurements of volume profiles, extracted from
Monte Carlo simulations, and examines how they compare
with the predictions of a generalized set of classical equa-
tions of motion. In Sec. VI we reconstruct part of the
effective action that governs the quantum dynamics of
the scale factor, by measuring the correlation matrix of
volume fluctuations at different times. Finally, a summary
and conclusions are presented in Sec. VII.
II. CAUSAL DYNAMICAL TRIANGULATIONS
IN 2 þ 1 DIMENSIONS
Quantizing gravity in 2þ 1 dimensions is a popular toy
model for the full, physical theory in 3þ 1 dimensions.
The formulation of both theories in terms of the spacetime
metric gðxÞ looks almost identical classically, but with
the drastic simplification that there are no propagating
physical degrees of freedom in d ¼ 2þ 1. Unlike what is
usually done in so-called ‘‘reduced phase space quantiza-
tions’’ [11], we will make only limited use of the simplify-
ing properties of gravity in three dimensions when setting
up the quantization. The concrete quantum-gravitational
framework we will use, that of CDT, has the advantage of
coming with a set of computational tools that allows us to
access the nonperturbative sector of the model and evaluate
interesting observables numerically, with the help of
Monte Carlo simulations. As mentioned earlier, our pri-
mary goal is to learn about observables in nonperturbative
quantum gravity, but we expect our investigation to lead at
the same time to a better understanding of some specific
features of the CDT approach.
The logic we will be following is to define the quantum
theory through a continuum limit of a regularized version
of the gravitational path integral, without putting in any
preferred ‘‘background geometry’’ and without assuming
that quantum fluctuations of geometry are necessarily
small. Since in the present work both our simulations and
the classical structures wewill use for comparison lie in the
Euclidean sector of the theory, we will conduct the entire
discussion in Euclidean (Riemannian) metric signature
(þþþ). While doing this, one should keep in mind
that the ensemble of geometries summed over in the
Euclideanized CDT path integral is motivated by consid-
erations inherent to the Lorentzian, causal version of the
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theory before the Wick rotation, as has been discussed at
length elsewhere [2,13].
Starting point is the formal continuum path integral on a
three-dimensional manifold of product topology ½0; 1 
, with initial and final spatial geometries on  labeled by
gab and g
0
ab,
Z½gab; g0ab ¼
Z Dg
Diff
exp ðSEH½gÞ; (1)
where the action is the Euclidean Einstein-Hilbert action
SEH½g ¼ 
Z
d3x
ﬃﬃﬃ
g
p ðR 2Þ: (2)
The integral in (1) is over three-dimensional geometries,
redundantly parametrized by metrics g, which reduce to
gab and g
0
ab when restricted to the initial and final bounda-
ries. Our notation is meant to indicate that the action of the
diffeomorphism group Diff, leading to this redundancy,
must be factored out to remove infinite contributions and
make sure that only physical configurations are counted.
CDT is a particular regularization of this path integral
which turns the infinite-dimensional integral into a discrete
sum. This is achieved by restricting the statistical ensemble
underlying (1) to piecewise linear geometries of a specific
form, where each geometry consists of a ‘‘stack’’ of T thick
slices. Each slice corresponds to a minimal time step and is
assembled from three-dimensional simplices, solid tetra-
hedra whose interior geometry is flat. Every path-integral
configuration therefore comes with a natural discrete time
coordinate t 2 f0; 1; 2; . . . ; Tg, counting the number of
thick slices. By construction, the spatial geometries at fixed
integer t are of the form of two-dimensional triangulations
Tt built from flat equilateral triangles. This includes the
two boundary geometries gab and g
0
ab, which are repre-
sented by T0 and TT .
The spacetime between each pair of adjacent spatial
triangulations Tt and Ttþ1 is filled in with tetrahedra, in
such a way as to make the three-dimensional geometry into
a simplicial manifold. In the standard CDT formulation,
we allow three types of tetrahedra, called 31-, 22- and
13-simplices, according to the distribution of their vertices
on consecutive spatial slices (see Fig. 1). All tetrahedra of
a particular type are geometrically identical, which is
implemented in CDT by making two choices, one for the
length of all timelike edges (those connecting consecutive
integer-t slices), and one for the length of all spacelike
edges, those contained entirely in the spatial triangulations.
One consequence of using identical building blocks is
that the geometry can be described essentially in combi-
natorial terms: to specify a triangulation one only needs to
keep track of a finite list of numbers describing the neigh-
borhood relations among the simplices, for example, in the
form of an adjacency matrix. This way the ensemble of
geometries in the path integral (1) becomes a discrete set
T of three-dimensional triangulations T. The correspond-
ing partition function for CDT is given by
ZCDT½T0;TT; T ¼
X
T2T
1
CT
eSCDT½T; (3)
where CT is the order of the automorphism group of the
triangulation T and SCDT is the Euclidean Einstein-Hilbert
action evaluated on a piecewise linear manifold, now ex-
pressed as a function of the combinatorial properties of T.
One finds [7,14] that the action depends on the numbers N0
of vertices andN3 of tetrahedra contained in T according to
SCDT½T ¼ k3N3½T  k0N0½T: (4)
The couplings k0 and k3 can be expressed in terms of the
bare Newton and cosmological constants as well as the
space- and timelike edge lengths, but their precise form is
of little interest here. The important point is that the
Einstein-Hilbert action yields a function linear in the num-
bers Nd of simplices of dimension d  3. SCDT is the most
general such expression, because of identities expressing
the numbers N2 of triangles and N1 of edges in terms of N0
and N3. The same is true for the numbers of 31-, 22- and
13-simplices. It also implies that the choice of spacelike
and timelike edge lengths does not affect the CDT partition
function other than by rescaling the bare Newton and/or
cosmological constant. One can view the preferred time
foliation in CDT as a discrete analogue of a proper-time
(or rather proper-distance) foliation of a Riemannian mani-
fold. Defining the edge distance between two vertices as
the minimal number of edges connecting them, any vertex
in the spatial triangulation Tt has a fixed edge distance t to
the initial boundary. In particular, both boundaries are
separated by a fixed distance T in lattice units, as illustrated
by Fig. 2. The discrete parameter t provides a convenient
label that can be used in the construction of some observ-
ables, like the volume-volume correlators considered in
Sec. VI below. Whether or not it assumes the role of
a physically distinguished notion of time in the
continuum limit of the theory is not clear a priori.1
FIG. 1 (color online). The three different simplex types used in
CDT in 2þ 1 dimensions: a 31-, a 22- and a 13-simplex, labeled
according to the numbers of vertices they share with the lower
and upper spatial slice of integer t.
1A generalization of CDT quantum gravity, which does not
have a distinguished time slicing, has recently been investigated
in 2þ 1 dimensions [15].
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The above-mentioned matching of CDT volume profiles to
continuum de Sitter universes certainly suggests that an
appropriately rescaled version of t can be identified with
proper time on large scales and ‘‘on average’’ in this limit.
Below in Sec. V we will try to match some of our results
to a specific classical continuum description with a distin-
guished proper time.
The partition function ZCDT can be used to define the
expectation value of an observableO: T ! R according to
hOi ¼ 1
ZCDT
X
T
OðTÞ
CT
ek3N3þk0N0 : (5)
In Monte Carlo simulations of CDTwe can measure these
expectation values for certain observables. Note that the
transition amplitudesZ½T0;TT as function of the boundary
geometries are in general not the most straightforward
objects to study and interpret. This has to do with our
incomplete knowledge of the Hilbert space underlying the
continuum theory, and how states labeled by discrete dataT
relate to continuumwave functions ‘‘ðgabÞ’’depending on
metric data. In a nonperturbative setting like the one we are
considering, ‘‘typical’’ states will have little resemblance
with semiclassical objects, certainly not on short scales, in
the same way as ‘‘typical’’ path integral histories do not
resemble classical spacetimes. Using specific boundary
geometries T0 and TT constructed by hand runs the risk of
introducing a bias in the simulations which we currently
have no control over. One standard way of dealing with this
issue is to avoid boundaries altogether by making time
periodic, such that the topology of the triangulation
becomes S1 . An alternative we will be using below is
to work with a set of singular boundary conditions of
‘‘big bang’’ or ‘‘big crunch’’ types, where the spatial
volume shrinks to zero. This leads to a drastic reduction
in the number of variables needed to describe T0 and TT
and therefore to a situation which is much better controlled.
To approximate expectation values of observables using
Monte Carlo simulations one needs to generate a large set
of random CDT configurations according to the Boltzmann
distribution in (3), which can be accomplished by a
Markov process. In practice, we start by constructing by
hand a triangulation T with the desired topology and
satisfying the desired boundary conditions. We then apply
a large number of random update moves on T, where each
move occurs with a probability carefully chosen to satisfy a
detailed balance condition. In the case of CDT in 2þ 1
dimensions a suitable set of local update moves is shown in
Fig. 3, see [7,14] for more details. We should point out that
the Monte Carlo code used to derive the results presented
below is independent of what was used in previous pub-
lished work, for example, in [7,16,17].
As already mentioned, properties of CDT quantum grav-
ity in three spacetime dimensions have so far been studied
only for spherical spatial slices, that is,  ¼ S2. The phase
structure of the underlying statistical model was investi-
gated in [7,18]. The phase diagram is parametrized by the
bare constants k0 and k3 introduced above. As usual in
dynamically triangulated systems, the bare cosmological
constant (which in our case can be identified with k3) must
be fined-tuned from above to a critical line in phase space
to obtain an infinite-volume limit (divergent N3).
2 What
remains is a one-dimensional phase space parametrized by
k0. For a range of k0 values, the system is found to be in a
phase of extended, three-dimensional geometry, with a
volume profile that can be matched to that of a round
three-sphere, the Euclidean de Sitter universe. As k0 in-
creases, one finds a (first-order) phase transition to a phase
of degenerate geometry, where neighboring spatial slices
decouple, and which seems to be uninteresting from a
physical point of view. An interesting feature of this system
is that the quantum spacetime appears to be dynamically
driven towards an S3 topology, although all geometries in
the ensemble had product topology S1  S2 (with time
compactified to a circle) to start with.
t 0
t T
FIG. 2 (color online). If one uses ‘‘edge distance’’ as a distance
measure on causal dynamical triangulations, any vertex on the
final boundary of a CDT geometry has distance T to the initial
boundary.
FIG. 3 (color online). A set of local update moves on CDT
configurations in 2þ 1 dimensions: flipping the diagonal of
the central spatial square (top), subdividing the central spatial
triangle into three (middle), substituting the central timelike
triangle by its dual timelike link (bottom).
2Equivalently, the actual simulations are usually run at fixed
system size N3, and results for infinite volume are extracted by
systematically studying the scaling properties of the system as
N3 increases.
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Studying a diffusion process on the CDT ensemble [16],
further evidence was gathered that the emergent quantum
geometry on large scales is indeed a de Sitter universe. A
measurement of the spectral dimension on short scales
found a value compatible with 2 [16], reminiscent of the
dynamical dimensional reduction seen in CDT quantum
gravity in 3þ 1 dimensions [5]. Deviations from sphericity
of the spatial slices in the de Sitter phase of CDT have been
studied in [19], using an embedding in three-dimensional
flat space to set up a spherical harmonic analysis. A recent
paper [20] looks at volume profiles for universes of topol-
ogy ½0; 1  S2, as a function of the boundary conditions
and the total time extent. A generalized version of CDT
quantum gravity in 2þ 1 dimensions, including additional
terms in the action motivated by Horˇava-Lifshitz gravity,
was investigated numerically in [21].
In terms of solving 2þ 1 causal dynamical triangulations
exactly, perhaps unsurprisingly for a three-dimensional
statistical model, our knowledge is still rather incomplete.
Matrix model methods have been invoked to study the
combinatorics of a single thick slice (t ¼ 1) and extract
information about the system’s phase structure, transfer
matrix and behavior under renormalization [22]. One pos-
sible strategy for solving the gravity theory analytically is to
reduce the number of CDT configurations to simplify the
solution of the combinatorial problem without (hopefully)
changing the universality class of the continuum theory. By
imposing additional order on spatial slices (more specifi-
cally, by requiring them to have a product structure as two-
dimensional triangulations) and by using an arsenal of
statistical mechanical tools, a Hamiltonian for the scale
factor was derived analytically, for the case of cylindrical
spatial slices [23]. Using an even stronger restriction of the
CDT ensemble by requiring spatial slices at integer t to be
flat tori, it could be shown that the combinatorics of the one-
step propagator is that of a set of vicious walkers [24].
Despite the finite dimensionality of this model of ‘‘CDT
quantum cosmology,’’ its continuum limit and full dynam-
ics are at this stage not known. It is a precursor of our present
numerical investigation in the sense of using toroidal uni-
verses and trying to extract a quantum dynamics in terms of
three global parameters: the spatial volume and two moduli
parameters, describing the tori’s global shape. Three-
dimensional CDT quantum gravity with toroidal slices is
the subject we will turn to next.
III. TORUS UNIVERSES IN CDT
In this section we present an initial investigation of the
spatial volume profiles in CDT simulations with  ¼ T2,
and determine which boundary conditions yield the most
interesting dynamics. We will first consider periodic
boundary conditions, which have been used extensively
in CDT with spherical spatial topology. Note that periodic
boundary conditions induce a time translation symmetry
in the system: shifting the time t! tþ 1 (modulo T) maps
the ensemble T of CDT configurations to itself and leaves
the action SCDT invariant. Consequently, the ensemble
average hVðtÞi of the spatial volume profile is time inde-
pendent and therefore contains little information.
However, it has been observed in the spherical case, both
in 2þ 1 [7] and 3þ 1 dimensions [3], that for individual
spacetime configurations and sufficiently large time extent
T the simplices do not distribute themselves homogene-
ously in time, but ‘‘condense’’ into a subinterval in time
where spatial volumes are macroscopic, while the remain-
ing time slices are reduced to minimal spatial volume. One
can therefore obtain a nontrivial profile by averaging the
spatial volumes not at fixed time t, but at a fixed time t0
relative to the location of the center of the extended region
along the time axis. The resulting volume profile is illus-
trated in Fig. 4 (left), which shows a typical volume
distribution Vðt0Þ together with the expectation value
hVðt0Þi. To high accuracy the expectation value hVðt0Þi
coincides with the spatial volume of a proper-time foliation
of the three-sphere, lending credence to the conjecture that
Euclidean de Sitter space emerges dynamically from CDT
quantum gravity on S1  S2.
One might therefore have expected a similar behavior
for CDT on the torus, but according to our current under-
standing the situation appears to be different. In none of the
simulations performed, with a wide range of three-volumes
30 20 10 0 10 20 30 t '
300
600
900
1200
V t'
0 10 20 30 40 50 60 70 t
300
600
900
1200
V t
FIG. 4 (color online). Comparing volume profiles of CDT with topology S1  S2 (left) and S1  T2 (right). The solid curves
represent typical (random) configurations, while the shaded areas correspond to the expectation values hVðt0Þi and hVðtÞi respectively.
(Sphere data taken at total volume N3 ¼ 40 000, torus data at N3 ¼ 60 000.)
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N3  250 000, time extents T  100, and couplings k0 2
½2:5; 4:5, did we observe a breaking of the time translation
symmetry or any tendency of spatial slices to degenerate to
configurations of minimal volume. This is illustrated by the
right-hand side of Fig. 4, which shows a typical volume
profile from a CDT simulation with spatial tori and T ¼ 70
time slices. Of course, the absence of degenerate spatial
geometries does not prove that the classical limit has time
translation symmetry. A more detailed analysis, for in-
stance, involving the distribution of Fourier modes of
VðtÞ, would be necessary to make more definite statements.
At this stage, we do not know which feature of the torus
topology in CDT is responsible for this quite different
behavior, compared to that for spherical topology. One
way in which the CDT configurations differ is in the
number of triangles in a minimal triangulation of  (mini-
mal in the sense of being compatible with the simplicial
manifold character and the overall topology of spacetime,
i.e. preventing the geometry from ‘‘pinching off’’). For the
sphere the minimal configuration is given by the boundary
of a tetrahedron, which consists of four triangles. By con-
trast, a triangulation of the torus requires a minimum of
14 triangles and therefore substantially more tetrahedra are
needed to produce a ‘‘stalk’’ of minimal spatial volume.
This could certainly have an effect on the simulations,
because the extra cost of the stalk (as measured by the
N3-term in the CDT action) may no longer be outweighed
by the entropic gain of the tetrahedra clumping together.
However, this is an effect one would expect to disappear
for sufficiently large three-volume. Once we have under-
stood better the effective dynamics of CDT—which is
precisely part of the motivation behind the present
investigation—we should be able to give a more satisfac-
tory explanation of the global behavior of the scale factor
and its relation to topology.
The drawback of the apparent absence of symmetry
breaking in time of the volume profiles is that it deprives
us of an interesting observable. To bring about a nontrivial
time dependence of the spatial volume, we will in the
following trade the usual periodic boundary conditions
for suitable fixed boundaries, involving degenerate bound-
ary geometries of zero volume. For spherical topology such
boundary conditions at t ¼ 0 and t ¼ T are—at least for
sufficiently large T—not likely to have much of an effect
since the system wants to pinch off dynamically at the
north and south pole of the de Sitter universe anyway. By
contrast, we will see that similar boundary conditions for
CDT on the torus will have an impact on the dynamics of
the spatial volume, since minimal spatial volumes do not
occur with periodic boundary conditions.
In addition to a nontrivial volume profile we are also
interested in creating a situation where the shape parame-
ters of the tori evolve nontrivially in time. These two
requirements can be satisfied simultaneously by taking an
initial torus elongated in one direction and a final torus
elongated in the opposite direction. The difficulty with
choosing boundary triangulations of this kind is that
(i) we need many boundary triangles, and (ii) there is still
considerable ambiguity in how we put them together.
Fortunately there is an easier option, namely, to take the
boundary to be completely degenerate in one of the two
directions, resulting in the collapse of the two-dimensional
torus to a one-dimensional circle, described merely in
terms of the number l0 of its edges. To illustrate the idea,
Fig. 5 shows a piece of a CDT configuration with an initial
boundary consisting of l0 ¼ 8 edges.
With this choice, the topology of the spacetime region
0  t  t0 for some 0< t0 < T becomes that of a solid
torus. If we impose similar boundary conditions on the
final boundary, the same will hold for the region t0tT.
Therefore the most general spacetime topology is that of a
pair of solid tori glued along their boundaries (in this case
corresponding to the torus at time t0). This can be done in
several topologically inequivalent ways, giving rise to
S2  S1, S3 or, more generally, a lens space Lðp; qÞ (see,
for example, [25]). For our purposes the second option is
the most interesting, because it is the simplest topology
that allows for a nontrivial shape evolution. It is achieved
by taking the initial and final singularity such that together
they form the so-calledHopf link in S3. This is illustrated in
Fig. 5, where the final singularity is shown in blue and the
embedding space R3 represents S3 with one point removed
(for example, after stereographic projection). The foliation
of the three-sphere by tori obtained in this way is known as
the Hopf foliation.
The results presented below are based on CDT simula-
tions with time extension T ¼ 19. Unless indicated other-
wise, we take the length l1 of the final singularity at t ¼ T
to be identical to the length l0 of the initial singularity at
t ¼ 0, in order to maintain time-reversal symmetry.
Figure 6 shows the expectation value hVðtÞi of the spatial
volume, for a simulation with a fixed number N3 ¼ 60 000
FIG. 5 (color online). A degenerate initial boundary at t ¼ 0
consisting of l0 ¼ 8 edges (solid red curve). Moving away from
t ¼ 0 in discrete time steps, one obtains a sequence of solid tori.
The light triangles belong to the boundary of the triangulated
solid torus at t ¼ 1. If we choose the final singularity according
to the blue curve, we end up with the Hopf foliation of S3.
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of tetrahedra, boundary length l0 ¼ 60, and coupling
k0 ¼ 2:5. We observe a clear expansion of the volume at
early times and a contraction at late times, indicating a
nontrivial dynamics of the spatial volume. Moreover, the
expansion close to the singularity is roughly linear, which
is in accordance with the initial geometry being one-
dimensional. Before exploring other values of N3, l0, and
k0 more systematically, let us survey which classical gravi-
tational solutions we may want to compare our results to.
IV. CLASSICAL SOLUTIONS WITH TORUS
TOPOLOGY
Classical solutions of general relativity with Euclidean
signature are given by the stationary points of the
Euclidean Einstein-Hilbert action (2), determined by solu-
tions to the Einstein equations
R  12Rg þg ¼ 0; (6)
which in three dimensions are equivalent to (see, for
example, [11])
R ¼ ðgg  ggÞ: (7)
In other words, the solutions have constant scalar curvature
R and are therefore locally isometric to the three-sphere
(> 0), flat Euclidean space ( ¼ 0) or hyperbolic space
(< 0), depending on the sign of the cosmological con-
stant . As a consequence, classical general relativity in
three dimensions has no local degrees of freedom.
To find its solutions explicitly, we switch to the
Arnowitt-Deser-Misner (ADM) formalism and rewrite
the metric g in terms of the spatial metric gab, the shift
vector Na and the lapse function N as
ds2 ¼ N2dt2 þ gabðdxa þ NadtÞðdxb þ NbdtÞ: (8)
In terms of these the Einstein-Hilbert action reads
SADM½gab; Na; N ¼ 
Z
dt
Z
d2x
ﬃﬃﬃﬃﬃﬃﬃ
ð2Þg
q
N
 ðK2  KabKab þ ð2ÞR 2Þ; (9)
where ð2Þg is the determinant of the spatial metric, ð2ÞR the
two-dimensional scalar curvature and Kab the extrinsic
curvature tensor
Kab ¼ 12N ð _gab raNb rbNaÞ: (10)
The only difference with the usual Lorentzian signature
case is a plus instead of a minus sign in front of the
potential term (ð2ÞR 2) in the action, relative to the
kinetic term (K2  KabKab), which remains unchanged.
If one puts the lapse N to 1, the set of constant-t surfaces
defines a proper-time foliation of the spacetime manifold.
To make the gauge choice N ¼ 1 therefore seems particu-
larly suggestive when comparing to CDT.
One can find the classical solutions by putting (9) into
canonical form (see [26] or [11]) and imposing the constant
mean curvature (CMC) gauge condition in which one can
solve the dynamics completely.3 In this gauge the classical
solutions for the torus can be shown to be spatially flat. The
lapse only depends on time, while the shift can be chosen
to vanish, which means that on shell the foliation fixed by
the CMC gauge is a proper-time foliation, up to a rescaling
of the time variable.
It follows that in general all solutions can be obtained
from a minisuperspace model, where spatial homogeneity
is imposed from the outset. To achieve this, let us set N ¼
NðtÞ, Na ¼ 0 and gabðtÞ ¼ VðtÞg^abðiðtÞÞ, where g^abðiÞ
denotes the flat unit-volume metric on the torus parame-
trized by the two real moduli 1 and 2,
g^ abðÞ ¼ 12
1 1
1 
2
1 þ 22
 
: (11)
Substituting this ansatz into (9) we obtain the minisuper-
space action
S½V; i; N ¼ 
Z
dt

1
2N

 _V
2
V
þ V _
2
1 þ _22
22

þ 2NV

:
(12)
As desired, this is now a function of global scale (the two-
volume V) and global shape (in the form of the i). Note
that there is no contribution coming from the Ricci scalar
ð2ÞR, because its integral over the torus vanishes by virtue
of the Gauss-Bonnet theorem. To find the classical
solutions, we identify two conserved quantities E and p,
given by
FIG. 6. Volume profile for N3 ¼ 60 000 and T ¼ 19, with
boundaries consisting of l0 ¼ l1 ¼ 60 edges and k0 ¼ 2:5. The
shaded area corresponds to the standard deviation in VðtÞ and
gives an idea of the size of the quantum fluctuations. Error bars
are not shown explicitly, but are of the order of 0.1%.
3Of course, the situation is slightly different than usual: since
we consider Euclidean instead of Lorentzian gravity, we cannot
be sure to capture all possible solutions this way. This is not a
real problem, since we are only interested in a limited class of
solutions matching our boundary conditions.
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E ¼ 1
2N

 _V
2
V
þ V _
2
1 þ _22
22

 2NV; (13)
p ¼ V
N
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_21 þ _22
q
2
: (14)
Moreover, variation with respect to the lapse NðtÞ yields
the initial value condition E ¼ 0. Imposing the proper-time
gaugeN ¼ 1, one easily finds the most general solution for
the spatial volume VðtÞ up to time translation and time
reversal,
VðtÞ ¼
8>><
>>:
p
2
ﬃﬃﬃ

p sin ð2 ﬃﬃﬃﬃp tÞ if > 0
pt if  ¼ 0
p
2
ﬃﬃﬃﬃﬃﬃp sinh ð2
ﬃﬃﬃﬃﬃﬃﬃﬃp tÞ if < 0:
ðE ¼ 0Þ
(15)
In addition, we have the static solution _V ¼ p ¼ 0 for
 ¼ 04 and exponentially expanding/contracting solutions
VðtÞ ¼ exp ð2 ﬃﬃﬃﬃﬃﬃﬃﬃp tÞ and p ¼ 0 for < 0.
From (15), the only solution with both an initial and a
final singularity, at t ¼ 0 and t ¼ T ¼ =ð2 ﬃﬃﬃﬃp Þ respec-
tively, is obtained when > 0. The corresponding general
solution for the modular parameter  ¼ 1 þ i2 traces
out a geodesic in the Poincare´ upper half-plane (the
Teichmu¨ller space of a genus-1 surface), whose speed is
determined by p in (14). Reaching a big bang or big crunch
singularity of the spacetime corresponds to  hitting the
boundary of Teichmu¨ller space, which is associated with
degenerate tori. The boundary conditions ð0Þ ¼ 0 and
ðTÞ ¼ i1 give precisely the Hopf foliation of the three-
sphere, described in Sec. III above. The general solution
with these boundary conditions is parametrized by the
lengths l0 and l1 of the singularities and is given by the
spacetime metric
ds2 ¼ dt2 þ l20cos 2ð
ﬃﬃﬃﬃ

p
tÞdx2 þ l21sin 2ð
ﬃﬃﬃﬃ

p
tÞdy2: (16)
The three-volume V3 of this geometry is V3 ¼ l0l1=ð2
ﬃﬃﬃﬃ

p Þ,
which directly relates the cosmological constant  and the
total volume V3. One also finds p ¼ l0l1
ﬃﬃﬃﬃ

p
. However,
when trying to compare the corresponding volume profile
VðtÞ ¼ l0l1
2
sin ð2
ﬃﬃﬃﬃ

p
tÞ (17)
directly to measurements in CDT simulations, one runs into
a difficulty. The total time extension T ¼ =ð2 ﬃﬃﬃﬃp Þ of the
classical solution (17) is fixed in terms of (equivalently, in
terms of the three-volume and the boundary conditions),
whereas in the CDT simulations T appears a priori as an
additional, free parameter set by hand.
This is a specific case of a more general issue, namely,
under what circumstances particular CDT setups and their
associated observables can be meaningfully compared to
aspects of the classical theory of general relativity, and
vice versa. To start with, there is of course no guarantee
that an arbitrary classical solution can be obtained from a
nonperturbative path integral,5 with suitable boundary con-
ditions. Returning to the problem at hand, one way of trying
to address the mismatch between the parameters of the
classical torus solutions and those of the CDT model with
specific boundary conditions imposed is to generalize the
classical solutions one is comparing to. The idea is to gauge
fix the lapse in theminisuperspace action (12) before varying
the action, without adding the (then missing) Hamiltonian
constraint by hand afterwards. As we will see, one gains a
free parameter by doing this, and can write down a set of
classical solutions which satisfy the desired boundary con-
ditions. In the next section we will examine how well these
generalized solutions fit the measured simulation data.
Whether or not such an ansatz captures the nonpertur-
bative dynamics of the 2þ 1 CDT model with nontrivial
boundaries correctly is difficult to argue on general
grounds, because of our lack of explicit control over the
details of the former. Apart from the already mentioned
influence of boundary conditions and global topology, this
includes the question to what extent the discrete edge
distance t on CDT configurations described in Sec. II in
a particular continuum limit can be related to any contin-
uum notion of a local (proper) time, which one can identify
on a classical ensemble of spacetime metrics, through
gauge fixing or otherwise. Although the de Sitter results
are strong evidence that such an identification works on
large scales for the global volume variable, this does not
imply that these two notions of time can be identified at a
local, microscopic level.
Keeping these comments in mind, we will now construct
an ensemble of smooth classical metrics in proper-time
gauge, each of whose members has an initial and a final
boundary at exact proper-time distance T, together with a
set of generalized equations for the global scale and shape
variables. In line with our previous discussion, our starting
point will be the Einstein-Hilbert action in ADM form,
with the lapse fixed to N ¼ 1, yielding
S½gab;Na¼
Z T
0
dt
Z
dx
ﬃﬃﬃ
g
p ðK2KabKabþR2Þ:
(18)
This means that
4Note that general relativity with spherical spatial topology
does not have such a static solution due to the presence of a
spatial curvature term, which could explain the breaking of time
translation symmetry in this case. However, this relies on the
initial value condition E ¼ 0, which we will discuss further
below.
5more precisely, since we are working in Euclidean signature,
as the minimum of some effective Euclidean action governing
the quantum dynamics.
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S
N
N¼1¼ 
ﬃﬃﬃ
g
p ðKabKab  K2 þ R 2Þ (19)
is no longer required to vanish, although its constancy in
time is still guaranteed by the other equations of motion.
Note that the functional form of the right-hand side of (19)
is exactly that of the Hamiltonian constraint (in Euclidean
signature), whose vanishing is normally used to solve for
the trace part of the spatial metric in terms of the traceless
degrees of freedom.
Let us determine which effect this has on the family of
homogeneous solutions for the torus universe.6 We still
have the conserved quantities E and p from (13) and (14),
with N set to 1. However, E is no longer required to vanish
and serves as an additional parameter in the family of
solutions, which we can tune to arrive at a desired total
time extent T. Restricting to the solutions with two singu-
larities and nonvanishing p, we find a family of volume
profiles,
VðtÞ¼
8>><
>>:
l0l1
sinhð ﬃﬃﬃﬃﬃﬃp ðTtÞÞsinhð ﬃﬃﬃﬃﬃﬃp tÞ
sinh2ð ﬃﬃﬃﬃﬃﬃp TÞ if<0
l0l1ðTtÞt=T2 if¼0
l0l1
sinð ﬃﬃﬃp ðTtÞÞsinð ﬃﬃﬃp tÞ
sin2ð ﬃﬃﬃp TÞ if 0<<


T

2
:
ðE0Þ
(20)
The underlying line element, say, for the case of positive
, generalizes (18) to the four-parameter family
ds2 ¼ dt2 þ l20
sin 2ð ﬃﬃﬃﬃp ðT  tÞÞ
sin 2ð ﬃﬃﬃﬃp TÞ dx2 þ l21
sin 2ð ﬃﬃﬃﬃp tÞ
sin 2ð ﬃﬃﬃﬃp TÞdy2:
(21)
The two associated constants of motion can be expressed
as functions of the four parameters ðl0; l1;; TÞ according
to
E ¼ 2l0l1 cos ð
ﬃﬃﬃﬃ

p
TÞ
sin 2ð ﬃﬃﬃﬃp TÞ ; p ¼
l0l1
ﬃﬃﬃﬃ

p
sin ð ﬃﬃﬃﬃp TÞ
ð0<< ð=TÞ2Þ: (22)
For fixed l0, l1, andT, the three-volume computed from (20)
increases monotonically as a function of  from
V3 ¼ 0 at  ¼ 1 to V3 ¼ 1 at  ¼ ð=TÞ2. In Fig. 7
we have plotted the analytic volume profiles normalized by
their time average Vav ¼ V3=T for various values of. The
shape of the profile only depends on the dimensionless
quantity v ¼ V3=ðl0l1TÞ. For v! 0 we find a flat profile,
for v ¼ 1=6 a parabola, for v ¼ 1= a sine, and for v! 1
a sine-squared profile. Note also that the minisuperspace
action (forN ¼ 1), when evaluated on solutions, is positive,
despite the negative kinetic term for the volume in (12).
Like the three-volume, the action is monotonically increas-
ing as a function of (with everything else held fixed), from
S ¼ 0 at  ¼ 1 to S ¼ þ1 for  ¼ ð=TÞ2.
V. MEASUREMENT OF VOLUME PROFILES
Having derived the volume profiles (20) for the gener-
alized equations of motion, we will now return to the data
from the Monte Carlo simulations, to see whether they can
be fitted to the new, wider range of shapes. In the current
setup, the CDT partition function depends on four free
parameters (five if we counted the boundary lengths l0
and l1 separately): the time extension T, the discrete
three-volume N3, the coupling k0, and the boundary length
l0. Because probing the full parameter space would be very
time consuming, we fix the three-volume to N3 ¼ 60 000
and the total time to T ¼ 19, and perform simulations for a
wide range of values of the coupling k0 and the boundary
length l0.
To determine the relevant range of the coupling k0, recall
from Sec. II that k0—which can essentially be identified
with the bare inverse Newton constant—is the free, tunable
phase space parameter that remains after fine-tuning the
bare cosmological constant. Of course, we expect the phase
diagram of 2þ 1 CDT quantum gravity on the torus to
have the same qualitative features as on the sphere, with an
extended quantum spacetime only found below some value
k0. Like in the spherical case [7], the effect of increasing k0
is to reduce the number N22 of 22-simplices in favor of 31-
and 13-simplices. As illustrated by Fig. 8, the fraction
n22 :¼ N22=N3 of simplices of type 22 in our simulation
collapses to (nearly) zero when k0 approaches the critical
value k0  5:6. Since the 22-simplices provide the cou-
pling between consecutive spatial triangulations, the spa-
tial geometries in the region k0 > k

0 of phase space
effectively decouple, and spacetime loses any classical
FIG. 7 (color online). The spatial volume VðtÞ of (20) of the
classical solutions, normalized by its time average Vav ¼ V3=T,
for different values of v ¼ V3=ðl0l1TÞ. The value of v increases
monotonically from 0 to1 as ranges between1 and ð=TÞ2
(for fixed l0, l1 and T). The curves, from dark to light, corre-
spond to v ¼ 0 (flat), v ¼ 0:01, v ¼ 1=6 (parabola,  ¼ 0),
v ¼ 1= [sine, ¼ ð=2TÞ2], v ¼ 2, and v ¼ 1 [sine squared,
 ¼ ð=TÞ2].
6Contrary to the general relativistic case, homogeneity is a
nontrivial restriction on the full set of solutions to (18). There is
an infinite-dimensional family of classical solutions due to the
presence of a local degree of freedom. Only when the boundary
conditions are homogeneous, which is the case we are interested
in, can we safely assume homogeneity of the solutions.
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physical interpretation. Since we are interested in a theory
which possesses a good classical limit, and therefore is
macroscopically extended in both time and space, we will
from now on restrict our attention to the ‘‘physical’’ phase
k0 < k

0, and also make sure to not get too close to the
phase transition k0, where the fluctuations in the spatial
volume are large.
The expectation value hVðtÞi presented earlier in Fig. 6
turns out to be well described by the volume profile for
v ¼ 0:98 (cf. Fig. 7). More systematically, Fig. 9(a) shows
our results for fixed l0 ¼ 60 and k0 varying from 1.0 to 5.0
in steps of 0.5. Clearly, as we increase k0 towards the phase
transition, the shape of the volume profile becomes flatter,
which corresponds to the parameter v approaching zero.
This is in line with the discussion above, in the sense that a
complete decoupling of the spatial triangulations would
lead to a flat volume profile with v ¼ 0. Conversely, to
obtain the curves in Fig. 9(b), we fixed k0 ¼ 2:5 but varied
the boundary length l0 to take the values 5, 20, 40, 60, 80,
120, and 180. As l0 decreases, we observe an approach
towards the sine-squared shape, i.e. v! 1, in accordance
with the dependence of v on the boundary lengths in the
analytic continuum formulation.
If we were sufficiently confident that the system was well
approximated by the classical minisuperspace description,
we could at this stage test the classical relationv ¼ V3=ðTl20Þ
quantitatively. However, we should probably not put too
much trust in this classical description. To start with, it is
unclear how significant the qualitative similarity between the
measurements and the classical solutions really is; it could be
due to the rather generic nature of the classical volume
profiles, which represent roughly the smoothest profiles
with a given slope and time-reversal symmetry. More sig-
nificant tests of the conjectured classical limit would involve
studying higher-order corrections to the volume profile.
The situation is different when we consider CDT setups
which are not symmetric under time reversal, by using
unequal boundary lengths l0 and l1 in the simulations.
7
In this case, the classical solutions (20) yield a nontrivial
prediction, namely, that the volume profile remain sym-
metric. To test this prediction, we have performed simula-
tions with fixed initial singularity length l0 ¼ 60 and
varying final singularity length l1 ¼ 5, 20, 40, 60, 80 and
120. The results are shown in Fig. 10, from which it is clear
that the expected symmetry is not present in our system
when l0  l1. Instead of identical slopes at the two bounda-
ries, we see that the slope at the initial boundary hardly
changes when changing l1. If the classical solutions we are
comparing to are the correct ones, this could mean that the
information about the geometry at t ¼ T is not propagated
all the way to small t, in the sense that spatial geometries at
small time t are oblivious to the final boundary conditions.
In classical gravity, however, the geometry is sensitive to
the boundary conditions no matter how far one is from the
boundary.
There are potentially a number of reasons which could
explain discrepancies between the data and the classical
solutions (20): (a) at least for certain boundary conditions,
the classical limit of CDT could be genuinely different
from the generalized minisuperspace ansatz we obtained
from general relativity, (b) our systems could be too
far from classicality or too small to make a sensible com-
parison, (c) we could be making the wrong identification of
discrete and continuum boundary conditions; for example,
the path determined by the singularity could exhibit a
random walk behavior in the three-dimensional triangula-
tion, leading to an anomalous scaling of the continuum
singularity length with the discrete l0 (which should be
taken into account when investigating a dependence on
boundary lengths, say).
At the system sizes we have been considering probably
not much will be learned by making more detailed mea-
surements of the volume profiles, since it is difficult to
distinguish alternatives for the classical dynamics from
quantum corrections. As a potentially more fruitful strat-
egy, we will from now on assume that for the range of
system sizes we are considering, there exist effective ac-
tions which describe the CDT systems, and will try to
‘‘reconstruct’’ these effective actions or at least deduce
some of their properties directly from the data. Once we
manage to significantly narrow down the relevant terms in
a given effective action, we will in principle be able to
study their scaling properties when approaching the con-
tinuum limit. In the next section, we will reconstruct the
kinetic term for the two-volume from measuring a particu-
lar correlation function. Forthcoming work will analyze
the contribution from the moduli parameters to the effec-
tive action [9].
VI. EFFECTIVE ACTION FROM VOLUME
CORRELATIONS
Suppose that the Euclidean effective action S½V for the
spatial volume in (2þ 1)-dimensional CDT is local in time
FIG. 8 (color online). The measured fraction n22 of simplices
of type 22 as function of the coupling constant k0.
7Note that asymmetric boundary conditions for spherical slices
were studied recently in [20].
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and can be written as the integral of a Lagrangian LðV; _VÞ
according to
S½V ¼
Z T
0
dtLðV; _VÞ: (23)
Assuming time reversal symmetry leads to the condition
LðV; _VÞ ¼ LðV; _VÞ, which implies that only even
powers of _V can appear in the Lagrangian. Given a proper
set of boundary conditions, the action S½V will have a
unique classical solution V0ðtÞ, satisfying S½V0 ¼ 0,
which should describe the expectation values hVðtÞi of
the volume profile measured in the simulations, at least
for sufficiently large VðtÞ that are unaffected by quantum
corrections.
Since in general V0ðtÞ depends on all terms in the
Lagrangian L, it is difficult to deduce specific information
about the form of L from measurements of hVðtÞi alone. It
turns out that more specific information is contained in
the quantum fluctuations around the classical solution.
Following a similar treatment in 3þ 1CDTquantumgravity
[6], assume that the fluctuations are small enough for a
semiclassical treatment to make sense. In that case the fluc-
tuations VðtÞ ¼ VðtÞ  hVðtÞi are correlated according to
hVðtÞVðt0Þi ¼ hVðtÞVðt0Þi  hVðtÞihVðt0Þi
/

2S
V2
½V0
1ðt; t0Þ; (24)
which means that one can deduce numerically the operator
Pðt; t0Þ ¼ 2S
V2
½V0 by inverting the matrix of correlations of
spatial volumes.
Figure 11 shows the measured volume correlations for a
CDT simulation with N3 ¼ 70 000, l0 ¼ 75, and k0 ¼ 1:2.
Restricted to integer values 1  t, t0  T  1, the correla-
tion matrix hVðtÞVðt0Þi is invertible. When plotting ele-
ments of its matrix inverse Pðt; t0Þ, one observes that they
fall naturally into three groups, as indicated in Fig. 12(a):
diagonal matrix elements lie on the top curve, sub- and
superdiagonal elements on the bottom curve, while all
others matrix elements have approximately the same value,
which we will denote by P0. This constant nonlocal con-
tribution to the inverse correlations is due to the global
FIG. 9 (color online). Normalized volume profiles for several simulations with N3 ¼ 60 000: (a) at fixed l0 ¼ 60, for various values
of k0, and (b) at fixed k0 ¼ 2:5, for various boundary lengths l0. The lightest curves correspond to k0 ¼ 1:0 and l0 ¼ 5 respectively.
FIG. 10 (color online). Normalized volume profiles for k0 ¼
2:5, N3 ¼ 60 000 and T ¼ 19. The initial singularity has fixed
length l0 ¼ 60, while the final singularity length is varied with
l1 ¼ 5, 20, 40, 60, 80, 120 (l1 ¼ 120 corresponds to the darkest
curve).
FIG. 11 (color online). Volume correlation function
hVðtÞVðt0Þi for a simulation with T ¼ 19, N3 ¼ 70 000, l0 ¼
75, and k0 ¼ 1:2. Individual curves correspond to various fixed
values of t0; the red curve corresponds to hVðtÞVð7Þi  hVðtÞi
hVð7Þi. The occurrence of negative values is due to the overall
volume constraint.
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constraint on the three-volume N3, which enforcesP
tVðtÞ ¼ 0. If one wanted to take this effect into account
in the effective action (23), one should add a term of the
form fðRT0 dtVðtÞÞ. For convenience, we will simply sub-
tract this constant term from Pðt; t0Þ and work with the
normalized inverse correlation matrix
P0ðt; t0Þ ¼ Pðt; t0Þ  P0: (25)
According to the ansatz (23), the continuum operator P0 is
given by
P0ðt;t0Þ¼

@2L
@V2
2 d
dt

@2L
@V@ _V

 d
dt

@2L
@ _V2

d
dt


ðt t0Þ;
(26)
where the partial derivatives of the Lagrangian are eval-
uated at V ¼ V0ðtÞ. The operator P0 consists of a purely
diagonal part and a second-order time derivative, whose
time-dependent coefficient depends only on the kinetic
term in the Lagrangian.
Comparing the numerical values of the elements on the
first sub- and superdiagonal of the discrete normalized
operator P0ðt; t0Þ with those on its diagonal [cf. Fig. 12(a)],
they differ with high accuracy by a factor of 1=2, as one
would expect for the finite-difference representation of a
second-order derivative. We conclude that the matrix
Pðt; t0Þ represents a discretization of a second-order time
derivative operator, like the last term in (26). The purely
diagonal component of the operator appears to be absent or
small compared to the second-order time derivative part.
We can now try to extract the time-dependent prefactor
@2L=@ _V2½V0 of the kinetic term _V2 in the effective action
from the simulation data. It turns out that this prefactor is
very close to 1=V0ðtÞ ¼ 1=hVðtÞi, as shown in Fig. 12(b),
where we have plotted the measured volume profile (solid
curve) together with rescalings of the inverses of the diag-
onals from Fig. 12(a) (red and blue dots). The proportion-
ality constant c0  0:35 has been obtained by a best fit.
We conclude that the volume-volume correlations are
accurately described by a kinetic term in the effective
action of the form
S½VðtÞ ¼
Z T
0
dt

c0
2
_V2
V
þ   

: (27)
This kinetic term is of the same form as the one appearing
in the minisuperspace action (12) (with N ¼ 1), up to a
sign. The positive sign in (27) comes as no surprise, since
the semiclassical treatment of the path integral relies on the
fact that the classical solution V0ðtÞ appears at a minimum
of the Euclidean action. (The minisuperspace action for the
spatial volume has its classical solution at a saddle point.)
The reason for the sign difference of the kinetic term in the
effective action extracted from the full CDT path
integral can be traced back to nonperturbative ‘‘entropic’’
contributions coming from the number of microscopic
path-integral configurations (see, for example, [12]). Their
appearance in dynamically triangulated formulations of
quantum gravity is generic and they play an important
role in spacetime dimension d 	 3 in rendering the effec-
tive action bounded from below and the Euclidean path
integral stable,8 at least for suitably chosen bare coupling
constants. In both three and four dimensions, the de Sitter
universes found in the CDT approach emerge of course as
minima of effective actions for the spatial volume, which
differ by a sign flip from the corresponding minisuperspace
actions.
This simple relation will no longer hold when other
modes of the metric are included in the effective action,
because the presence of a stable ground state in the ex-
tended phase of CDT quantum gravity indicates that there
are no instabilities due to kinetic terms with the ‘‘wrong,’’
negative sign. Our current toroidal setup has of course been
designed to study effective dynamics ‘‘beyond the scale
factor’’ and, more specifically, to determine a combined
effective action of the scale factor and the global traceless
degrees of the metric, the moduli i. This is the subject of a
forthcoming publication [9].
FIG. 12 (color online). (a) Elements of the inverse correlation matrix Pðt; t0Þ, linearly interpolated: on the diagonal (top, blue curve),
on the first sub- and superdiagonal (bottom, red curve), and remaining off-diagonal elements (middle, grey; fat dots indicate
accumulation of elements). (b) Volume expectation value hVðtÞi (solid curve) compared to the diagonals of the normalized inverse
correlation function P0ðt; t0Þ ¼ Pðt; t0Þ  P0. The fitted proportionality constant is c0  0:35.
8The Euclidean Einstein-Hilbert action is not bounded below,
which leads to the well-known conformal mode problem, at least
in naive implementations of the Euclidean path integral [27,28].
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VII. SUMMARYAND CONCLUSIONS
Motivated by the search for a larger class of observables in
quantum gravity, we have initiated an investigation into
three-dimensional CDT quantum gravity for universes
whose spatial topology is that of a torus. Even before starting
to analyze the dynamics of the global shape variables char-
acterizing the torus geometries, we were led to consider a
number of interesting issues concerning the dynamics of the
volume variable only. This was triggered by the observation
that typical CDT configurations on the torus with compacti-
fied time direction appear not to develop a nontrivial time
dependence. In other words, unlike what happens for spheri-
cal slices, the spacetimesdonot condense arounda ‘‘center of
volume,’’ to create an extended universe on part of the time
axis and a ‘‘stalk’’ of minimal volume everywhere else.9
The reason why this happens is ultimately not understood
and deserves further study.
We then explored the idea of forcing the system into a
nontrivial time dependence by abandoning periodic bound-
ary conditions in time and instead using a novel type of
boundary geometries, where the spatial tori degenerate
into one-dimensional circles of a given length. Invoking
a minisuperspace picture, we searched for a set of classical
gravitational solutions in the continuum, with the same
type of boundary conditions and depending on the same
number of free variables as the CDT system, to serve as a
reference point for identifying certain classical features of
the continuum limit of the latter. This led us to a general-
ized minisuperspace model, where (in ADM language) the
Hamiltonian constraint is not required to vanish. We found
that measurements of the CDT volume profiles for a wide
range of boundary lengths and values of the inverse
Newton coupling k0 can be matched with good quality to
solutions derived in this generalized minisuperspace
model. However, with the wide range of shapes available
as classical volume profiles, this is perhaps not too surpris-
ing. Also, an asymmetric choice of boundary conditions in
the simulations did not yield the result expected from the
minisuperspace comparison. At this point, it is difficult to
disentangle whether this is due to insufficient system size
or insufficient ‘‘classicality’’ (large quantum fluctuations),
or whether perhaps our identification of discrete proper
time and boundary lengths with the corresponding contin-
uum quantities may have been too naive. The analysis of
the dynamics of the moduli [9] will shed some light on the
size of quantum fluctuations and the degree to which scale
and shape are dynamically coupled.
As we have already commented in Sec. II, the general
issue of boundary conditions of the nonperturbative path
integral, their relation with a continuum Hilbert space and
ultimately classical interpretation is highly nontrivial.
Comparing with (1þ 1)-dimensional CDT quantum grav-
ity, where the corresponding Hilbert space construction is
under complete analytical control [29], the situation in
higher dimension is much more involved. Despite our
choice of particularly simple ‘‘collapsed’’ boundary con-
ditions in 2þ 1 dimensions, we saw in Sec. V that subtle-
ties remain. We observed a clear effect of the boundary
conditions on the bulk behavior of the volume variable, but
to isolate the influence of the boundary from other effects
would require a more systematic analysis, where bulk and
boundary are scaled simultaneously at a specified relative
rate, similar to what can be done in CDT in 1þ 1 dimen-
sions to obtain a spacetime of an anti–de Sitter type [30].
This is an interesting issue, but beyond the scope of
this paper.
With the minisuperspace comparison remaining at this
stage somewhat inconclusive, we turned to a more direct
determination of the effective action for the spatial volume
from the simulation data. Here, our method of extracting it
from inverting the measured matrix of volume-volume
correlation worked beautifully, and gave an unambiguous
result of the expected form for the kinetic term, which
coincides with that found in the spherical case. This con-
cludes the first part of our investigation into the nonpertur-
bative CDT description of (2þ 1)-dimensional quantum
gravity on a torus. A natural next step will be a similar
analysis of the dynamics of the moduli parameters of the
same system, involving a new set of observables relating to
the global shape of the quantum universe.
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9This implies that in the spherical case the CDT ground state
becomes essentially independent of the total time extension T as
soon as T becomes longer than the duration of the emergent
universe. This does not seem to happen in the toroidal case.
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